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Non-symmetric buckling criteriaThe symmetric and asymmetric buckling of an initially curved micro beam subjected to an axial pre-
stressing load and transversal distributed electrostatic force is studied. The analysis is based on a reduced
order (RO) model resulting from the Galerkin decomposition with buckling modes of a straight beam
used as the base functions. The criteria of symmetric limit point buckling and of non-symmetric bifurca-
tion are derived in terms of the geometric parameters of the beam and the axial load. Two symmetry
breaking conditions, deﬁning the relations between the axial load and the geometric parameters of
beams for which an asymmetric response bifurcates from the symmetric one, are obtained. The necessary
criterion establishes the conditions for the appearance of bifurcation points on the unstable branch of the
symmetric response curve; the sufﬁcient criterion assures a realistic asymmetric buckling bifurcating
from the stable branches of the symmetric response curve. A comparison between the RO model results
and those obtained by direct numerical analysis shows good agreement between the two and indicates
that the obtained criteria can be used to predict symmetric and non-symmetric buckling in electrostat-
ically actuated curved pre-stressed micro beams. It is shown that while the symmetry breaking condi-
tions are affected by the nonlinearity of the electrostatic force, its inﬂuence is less pronounced than in
the case of the symmetric snap-through criterion. The nature of the latter and the relations between it
and the symmetry breaking criteria are found to go through a prominent qualitative change as the initial
distance between the beam and the electrode, characterizing the electrostatic force, changes.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Curved beams (arches) loaded by concentrated or distributed
transverse forces may exhibit bistability, namely the existence of
two different stable equilibria under the same loading. The transi-
tion between two stable states in these structures is commonly
referred to as a snap-through buckling. The behavior of beams
liable to the snap-through buckling, due to prescribed deﬂection-
independent ‘‘mechanical’’ loads, is a well understood topic in
structural mechanics (Simitses, 1989; Villagio, 1997; Pi et al.,
2002; Simitses and Hodges, 2006) which continues to attract atten-
tion of researches (Chandra et al., 2013; Moghaddasie and
Stanciulescu, 2013).
In the case of the electrostatic actuation, the snap-through
behavior is affected by the nonlinearity of the electrostatic force
parameterized by the initial distance between the beam and the
electrode. The criteria for symmetric (limit-point) snap-throughand for asymmetric (bifurcation) snap-through of an initially
stress-free bell-shaped beam were obtained in Krylov et al.
(2008) and Medina et al. (2012b), respectively; symmetric and
asymmetric snap-through in an initially straight buckled beam
was analyzed in Medina et al. (2012a). It was shown, that in the
case of the electrostatic loading, both symmetric and asymmetric
snap-through may take place in beams with lower initial eleva-
tion/curvature when compared to the case of ‘‘mechanical’’ deﬂec-
tion-independent loading.
However, in microfabricated beams attached to fully
constrained (unmovable) anchors, an axial force is almost always
present. This force originates in a residual axial stress resulting
from the fabrication process (e.g., see Kaajajari et al., 2009), due
to a temperature variation yielding thermal strains (Zhu and Espinosa,
2004; Moghaddasie and Stanciulescu, 2013; Stanciulescu et al.,
2012) or applied intentionally in order to control the natural fre-
quency of the structure (Gabbay and Senturia, 2000; Ruzziconi
et al., 2013). This implies that the assumption of an initially
stress-free state may not be adequate, and thus a formulation,
including the effect of an axial load on the stability, is needed. To
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ated curved micro beams to incorporate an axial load, which
changes the initial curvature of the beam. Our goal in this work
is to investigate the inﬂuence of the pre-loading on the beam’s sta-
bility and to establish general criteria for the symmetric snap-
through and the symmetry breaking. These criteria broaden the
ones obtained for stress-free initially curved beams and for
buckled initially straight beams given in Medina et al. (2012b)
and Medina et al. (2012a) which are special cases of the presently
obtained results. The main contribution of the present work, when
compared to Krylov et al. (2008, 2011), Pane and Asano (2008),
Zhang et al. (2007), Ouakad and Younis (2010), Das and Batra
(2009a,b), Intaraprasonk and Fan (2011) and Alkharabsheh and
Younis (2013) is in a detailed analytic description of the symmetric
and non-symmetric buckling of electrostatically actuated beams
and in the development of an explicit symmetric buckling and
symmetry breaking criteria, which allow prediction of the beam’s
behavior based on its geometric characteristics and the axial load
it caries. Note that in the present work, neither the initial elevation
of the beam nor the axial force are considered as imperfections (as
in Zhu and Espinosa, 2004; Ruzziconi et al., 2013) and the magni-
tude of the initial elevation (as well as the elevation caused by the
axial load) is comparable with the beam’s deﬂection under electro-
static load. Each or both of these parameters may have a dominant
inﬂuence on the beam stability.2. Formulation
We consider a ﬂexible initially curved, axially loaded, double
clamped prismatic micro beam of length L having a rectangular
cross-section of width b^ and thickness d^ as shown in Fig. 1. The
beam is made of homogeneous isotropic linearly elastic material
with Young’s modulus E. Since the width b^ of a micro-beam is typ-
ically larger than it’s thickness d^, an effective (plain strain) modu-
lus of elasticity eE ¼ E=ð1 m2Þ is used, where m is Poisson’s ratio.
The initial shape of the stress-free beam is described by the func-
tion w^0ðx^Þ ¼ h^0z0ðx^Þ, where h^0 is the initial elevation of the beam’s
central point above it’s ends, and z0ðx^Þ is a non-dimensional func-
tion such that maxx^2½0;L½z0ðx^Þ ¼ 1. The main assumption of the
model is that an axial load appearing upon fabrication changes
the beam’s initial elevation h^0 to a different elevation designated
as h^. The beam is subjected to a distributed electrostatic force pro-
vided by an electrode located at a distance g^0 (the gap) from the
beam’s ends and extended beyond it’s ends (Krylov et al., 2008).
We assume that d^ L; h^ L and that the deﬂections are small
with respect to the beam’s length. Under these assumptions, the
beam’s behavior is described in the framework of the Euler–
Bernoulli theory combined with the shallow arch approximation.
The potential energy of the beam consists of the mechanical
(strain) energy of the beam associated with bending and stretch-
ing, the work of the axial load (Villagio, 1997; Washizu, 1974)Electrode
L
Fig. 1. Model of an initially curved axially loaded double-clamped beam actuated
by distributed electrostatic force. The dashed line corresponds to the deformed
conﬁguration. Positive directions of the beam’s deﬂection and of the loading are
shown.and the electrostatic co-energy calculated based on the parallel
capacitor approximation. Note that while the inﬂuence of the
fringing ﬁelds on the electrostatic force acting on the curved beam
could be taken into considerations (e.g., Das and Batra, 2009b;
Krylov et al., 2008), we use an electrostatic force presented in the
form of a simple parallel capacitor formula for the sake of simplic-
ity and transparency of the development.
By using the principle of stationary potential energy, we obtain
the equilibrium equations of the beam (Villagio, 1997 for the case
of ‘‘mechanical’’ loading) as follows
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Here f^ e is the applied electrostatic load given as (note that the
sign is taken to be consistent with Fig. 1)
f^ e ¼ 0b^V
2
2 g^0 þ w^ð Þ2
ð4Þ
0 ¼ 8:854 1012F/m is the permittivity of the free space and V is
the voltage difference between the beam and the electrode.
In accordance with Eq. (1), the axial force is constant along the
beam (with bP positive for compressive), hence Eqs. (1) and (2) can
be reduced to the following single equation (e.g., Villagio, 1997 for
a ‘‘mechanically’’ loaded beam)
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which is subjected to the boundary conditions given by the last two
of Eqs. (3). In essence, the integral term in Eq. (5) represents the
average of the axial force induced by the beam’s deﬂection.
For convenience, we re-write Eqs. (1) and (2) in a non-
dimensional form
P  2a u0 þ 1
2
w0ð Þ2  1
2
w00
 2  0 ¼ 0 ð6Þ
wIV wIV0 þ w0 P2a u0 þ
1
2
w0ð Þ21
2
w00
 2   0 þ b
1þwð Þ2
¼0
ð7Þ
with homogeneous boundary conditions, where ð Þ0 denotes deriva-
tive with respect to the non-dimensional coordinate 0 6 x 6 1 and P
is the non-dimensional axial force. The non-dimensional form of Eq.
(5) is
wIV wIV0 þ P  a
Z 1
0
w0ð Þ2  w00
 2 dx  w00 þ b
ð1þwÞ2
¼ 0
ð8Þ
The non-dimensional quantities used in Eqs. (6)–(8) are deﬁned in
Table 1.
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In order to analyze the snap-through and pull-in behavior of the
beam, a reduced order (RO) model based on the Galerkin decompo-
sition is constructed. The deformed shape of the beam is approxi-
mated by the series
wðxÞ 
Xn
i¼1
qiuiðxÞ ð9Þ
where ui represent the buckling eigenmodes of a straight double-
clamped beam and are given by the expression
uiðxÞ ¼ Ci
cos kið Þ  1
sin kið Þ  ki sin kixð Þ  cos kixð Þ þ ki
1 cos kið Þ
sin kið Þ  ki xþ 1
 
ð10Þ
Here Ci are constants, which are chosen such that
maxx2½0;1ðuiðxÞÞ ¼ 1 and ki are the eigenvalues which are found as
a solution of the equation cosðkiÞ þ ðki=2Þ sinðkiÞ ¼ 1.
It is possible to represent the initial shape of the beam in the
following form
w0ðxÞ ¼
Xn
i¼1
q0iuiðxÞ ð11Þ
Substitution of Eq. (9) and Eq. (11) into Eq. (8), multiplication by uj
and integration in conjunction with the orthogonality of the eigen-
modes, produce a system of coupled nonlinear algebraic equations
B q q0ð Þ  P  a qTSq qT0Sq0
  
Sqþ bQ ¼ 0 ð12Þ
where ð ÞT denotes the matrix transpose, q ¼ fqig and q0 ¼ fq0ig.
The elements of the generalized force vector Q ¼ fQig and of the
matrices B ¼ fbijg and S ¼ fsijg, which are associated with the bend-
ing and stretching stiffness of the beam, respectively, are given by
the expressions
Qi ¼
Z 1
0
ui
1þPnj¼1qjujðxÞ 2 dx ð13Þ
bij ¼ dij
Z 1
0
u00iu
00
j dx sij ¼ dij
Z 1
0
u0iu
0
jdx ð14Þ
with dij being the Kronecker delta. Note that 1 6 qi 6 h.
In the case of initially straight beams, RO models based on
Galerkin decomposition with linear eigenmodes as shape functions
are proven to be a reliable tool for the analysis of the static and
dynamic pull-in behavior and are widely reported in the literature
(Nayfeh et al., 2005; Abdel-Rahman et al., 2002; Krylov, 2007).
Validation of the model for the case of a curved beam along with
the convergence study can be found in Krylov et al. (2008), Das
and Batra (2009b) and Ouakad et al. (2009).Table 1
Non-dimensional quantities.
x , x^=L Coordinate
w , w^=g^0 ; w0 , w^0=g^0 Elevation/initial elevation
u , u^L=g^02 Axial displacement
h0 , h^0=g^0 Initial midpoint elevation
h , h^=g^0 Midpoint elevation in post axial load application
d , d^=g^0 Thickness
a , g^20A
 
2Iyy
 
Stretching parameter
P , bPL2 . EIyy  Axial load
b , 0b^V2L4
 .
2g^30eEIyy  Voltage parameterFor the investigation of the symmetric and asymmetric snap-
through, the RO model should include at least two terms, the ﬁrst
symmetric and the ﬁrst anti-symmetric ones. By setting n ¼ 2 in
the approximation of the beam’s shape wðxÞ in Eq. (9), and by tak-
ing the initial shape to have the form of the fundamental buckling
mode of the straight beam (i.e. w0ðxÞ ¼ h0u0, see Eq. (9) where
q01 ¼ h0), the RO model in Eq. (12) is reduced to a system of two
coupled nonlinear algebraic equations in terms of the general coor-
dinates q1 and q2, namely
b11 q1  h0ð Þ  P  a s11 q21  h20
 
þ s22q22
  
s11q1
¼ b
Z 1
0
u1
1þ q1u1 þ q2u2ð Þ2
dx ð15Þ
b22q2  P  a s11 q21  h20
 
þ s22q22
  
s22q2
¼ b
Z 1
0
u2
1þ q1u1 þ q2u2ð Þ2
dx ð16Þ
where b11 ¼ 2p4; b22 ¼ 1667:962; s11 ¼ p2=2 and s22 ¼ 20:653.
Note that since the base functions are those of exact bucklingmodes
of an initially straight beam, we have b11=s11 ¼ 4p2 ¼ Pð1ÞE , PE as
the lowest non-dimensional buckling load and b22=s22 ¼ Pð2ÞE as the
second non-dimensional buckling load.
Eqs. (15) and (16) indicate that in the presently studied general
model, the beam’s behavior, namely the dependence between the
voltage parameter b and the deﬂection, depends on three parame-
ters, the geometric ones, h0; a and the axial force P. It is to note
that although the geometric parameter a is used in the formulation
for the sake of generalization, all subsequent ﬁgures are given for a
rectangular cross section for which a ¼ 6=d2.
4. Snap-through criteria
Eqs. (15) and (16) corresponding to the two DOF model, cannot
be solved in a closed form due to the presence of the integral terms,
which are associated with the electrostatic force. For this reason,
three-dimensional response diagrams, mapping all stable and
unstable equilibrium conﬁgurations in the q1; q2; b space are ﬁrst
built numerically. The symmetric branch b ¼ bðq1Þ of the equilib-
rium path is built by setting q2 ¼ 0 in Eq. (15). For the non-
symmetric branch, equating the expressions for b extracted from
both Eqs. (15) and (16), we obtain a nonlinear algebraic equation
Fðq1; q2Þ ¼ 0, which for prescribed values of q1 yields Fðq2Þ ¼ 0.
The solution, namely q2 ¼ q2ðq1Þ, when it exists, is obtained
numerically by using the solver for nonlinear algebraic equations
incorporated into the Maple package, while numerically evaluating
the integrals. Finally, the values of the voltage parameter b, corre-
sponding to the symmetric and non-symmetric branches of the
buckling diagram are obtained by substituting the values of q1
and q2ðq1Þ back into Eq. (16).
The result is presented in Fig. 2, illustrating the response of an
electrostatically loaded pre stressed initially curved beam with
thickness of d ¼ 0:2. Depending on the values of the parameter
characterizing the beam geometry, h0, and the pre-stress, P, various
behaviors are observed. The response may exhibit a single limit
point, PI (Fig. 2(a)) at which a symmetric pull-in collapse of the
beam to the electrode takes place, or three limits points with the
additional ones, S and R (Fig. 2(b)–(f)). At the latter points, snap-
through and snap-back (or release) between two stable branches
happen (Fig. 2(b) and (c)), while under different circumstances a
snap through to the electrode occurs at S (Fig. 2(e)). The response
can be symmetric (q2 ¼ 0, Fig. 2(a) and (b), or include bifurcation
points, AS and AR, where asymmetric branches emerge from the
symmetric one such that symmetry breaking occurs (Fig. 2(c)–
Fig. 2. Buckling diagrams of the electrostatically loaded beam (two DOF RO model, Eqs. (15) and (16)) for d ¼ 0:2 and different initial elevations and axial loads: (a) h0 ¼ 0:1
and P=PE ¼ 0:5, (b) h0 ¼ 0:1 and P=PE ¼ 1, (c) h0 ¼ 0:24 and P=PE ¼ 1, (d) h0 ¼ 0:295 and P=PE ¼ 1, (e) h0 ¼ 0:2 and P=PE ¼ 2, (f) h0 ¼ 0:3 and P=PE ¼ 2. Points S and R are the
snap-through and release limit points; points AS and AR are the bifurcation points of the asymmetric snap-through and release and point PI is the pull-in point. The dashed
line in (e) and (f) represent the b ¼ 0 plane.
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branch between the S and R points (Fig. 2(c) and (e), or on the sta-
ble branches yielding asymmetric snap-through (Fig. 2(d) and (f)).
Note that although both snap-through and pull-in instabilities are
effected by the mechanical and electrostatic nonlinearities, for the
sake of convenience and in order to prevent confusion, in the case
when three limit points are present, we refer hereafter to the ﬁrst
limit-point collapse as snap-through (since it may occur also in a
purely ‘‘mechanically’’ loaded beam) and the second one as pull-
in (since it occurs also in an initially straight beam). We preserve
this terminology also in the case when the second limit point is
degenerated, as in Fig. 2(f) where the second pull-in collapse is
suppressed.
The expected similarity between the ﬁgures presented here and
those shown in Medina et al. (2012b) for an initially stress-free
curved beam, implies that criteria for the symmetric snap-through
and both non-critical (necessary condition) and critical (sufﬁcient
conditions) bifurcations should be deﬁned for the present general
case. These will actually form a generalization of the previously ob-
tained ones.
In accordance with Fig. 2, the branches of the bifurcation dia-
gram emerging from the equilibrium path representing the sym-
metric response correspond to the non-symmetric conﬁgurations.
Hence, in order to ﬁnd the position of the bifurcation points on
the symmetric branch, we linearize Eqs. (15) and (16) in terms ofq2  1 around the path q2 ¼ 0. Taking into account that the follow-
ing integrals vanishZ 1
0
u1u2
1þ q1u1ð Þ3
dx ¼ 0
Z 1
0
u2
1þ q1u1ð Þ2
dx ¼ 0 ð17Þ
we obtain
b11 q1  h0ð Þ  P  as11 q21  h20
  
s11q1 þ bI1ðq1Þ ¼ 0 ð18Þ
b22  P  as11 q21  h20
  
s22
 
 2bI2ðq1Þ
 
q2 ¼ 0 ð19Þ
where I1 and I2 are
I1ðq1Þ ,
Z 1
0
u1
1þ q1u1ð Þ2
dx I2ðq1Þ ,
Z 1
0
u22
1þ q1u1ð Þ3
dx ð20Þ
Eq. (18) is independent on q2, and hence corresponds to the single
DOF model which describes the symmetric response of the beam
(Krylov et al., 2008). By expressing b in terms of q1 from Eq. (18)
and differentiating it with respect to q1, we obtain the following
expression
1
I21
a h20  3q21
 
s211 þ s11P  b11
 
I1

 q31a q1ah20
 
s211  s11q1P  b11 h0  q1ð Þ
 
I3

¼ 0 ð21Þ
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It is clear that the singular point q1 ¼ 1 (see Eq. (22)), represents a
contact between the beam and the electrode, leaving the other fea-
sible solution to be conﬁned to q1 > 1. By taking into account that
I1 > 0 for q1 > 1 Eq. (21) is satisﬁed when the nominator vanishes.
With the adopted base functions given by Eq. (10), analytical
expression for I1 is obtained as follows
I1ðq1Þ ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ q1ð Þ3
q ð22Þ
Substitution of the above result into Eq. (21) yields
1þq1ð Þ2
9
2
aq31þ3aq21
5
2
P
s11
þah20
b11
s211
 
q1ah20
P
s11
b11
s211
3
2
h01
  
¼ 0
ð23Þ
Since q1 > 1, the condition Eq. (23) can be re-written in the form
9
2
~aq31 þ 3~aq21 
5
2
P
PE
þ ~ah20  1
 
q1  ~ah20 
P
PE
 3
2
h0  1
 
¼ 0 ð24Þ
where ~a , s11a=PE. The three roots of this equation correspond to
the symmetric snap-through (S), symmetric release (R) and pull-
in (PI) points and are given in terms of the system’s parameters,
i.e. the beam’s elevation, thickness and the applied axial load.
Note that the non-dimensional thickness d ¼ d^=g0 is parameter-
ized by the distance g0 between the beam and the electrode and
actually reﬂects also the inﬂuence of the electrostatic force.
In order to ﬁnd the location of the bifurcation points, the follow-
ing procedure is carried out. By substituting bðq1Þ resulting from
Eq. (18) into Eq. (19), one obtains that the eigenvalue problem de-
ﬁned by Eq. (19) has a non-trivial solution when the following
equation is satisﬁed
2 q31a q1ah20
 
s211  s11q1P  b11 h0  q1ð Þ
 
I2
 s22a h20  q21
 
s11 þ s22P  b22
 
I1
¼ 0 ð25Þ
which can also be written in the following form
2
b11
b22
~aq31  ~ah20 þ
P
PE
 1
 
q1  h0
 
I2
 ~a PE
Pð2ÞE
h20  q21
 
þ P
Pð2ÞE
 1
 !
I1
¼ 0 ð26Þ
This equation maps the location, q1, of the asymmetric snap-
through (AS) and the asymmetric release (AR) bifurcation points
on the symmetric branch.
As was previously observed, in the present general case, the
location of the limit and bifurcation points depends not only on
the geometric parameters ~a (namely d) and h0 but also on the ap-
plied axial load P. This dependency is shown in Figs. 3 and 4 for a
speciﬁc value of thickness d (namely ~a). Setting ~a to have a con-
stant value, Eqs. (24) and (26) deﬁne surfaces in the q1; h0; P=PE
space. These surfaces are presented in Fig. 3(a) and (b), which show
the location of the symmetric limit points and the bifurcation
points, respectively, as a function of both the initial elevation and
the axial force. In addition, Fig. 3(c) and (d) depict the correspond-
ing voltage parameter given by Eq. (18) in which suitable critical
values of q1 have been substituted. Note that a numerical evalua-
tion of the integral included in Eqs. (24) and (26) is required.
Hence, the surfaces are actually built by the sets of twodimensional curves, q1 ¼ q1ðh0Þ for various axial loads and
q1 ¼ q1ðP=PEÞ for various initial elevations, presented in Fig. 4(a),
(c) and (b), (d), respectively. We re-iterate that negative P=PE rep-
resents applied axial pre-tension.
Figs. 3 and 4 indicate that in the presence of a compression axial
load, a smaller initial elevation is required for evoking the bi-stability
and the symmetry breaking, and the operating voltage at which the
buckling occurs is smaller. Similarly, as the initial elevation
increases, the axial load assuring bi-stability and asymmetric re-
sponse decreases, and the corresponding critical voltage increases.
Note that for P ¼ 0, one receives the bifurcation plot for the spe-
cial case of an initially curved stress-free beam (obtained in Med-
ina et al., 2012b with different base functions) and for h ¼ 0, the
special case of a pre-stressed initially straight beam (Medina
et al., 2012a).
It is interesting to note that in the framework of the present
model, the character of the buckling map (e.g. Fig. 4) depends on
the values of the beam’s thickness and the axial load. As the axial
load decreases and the beam’s thickness increases, the pull-in
and the release branches come closer to each other and eventually
merge. Such a situation is shown in Fig. 5 indicating that the region
of bi-stability is not always determined solely by a lower bound va-
lue of the initial elevation, h0, as in the ‘‘mechanical’’ case. Accord-
ing to the Fig. 5, there are two distinct regions of bi-stability, one
for h01 6 h0 6 h02 and one for h0 P h03 . As the axial compression
decreases, the conﬁned region ½h01 ;h02  diminishes and the value
of h03 increases, namely the region of bi-stability becomes smaller.
This effect will be reﬂected also by the symmetric snap-through
criterion presented in the following section.
4.1. Symmetric snap-through criterion
The symmetric snap-through criterion is obtained by the ap-
proach presented in Krylov et al., 2008. It follows from Figs. 3(a)
and 4(a) and (b) that in order to have bi-stability, Eq. (24), which
is cubic in terms of q1, must possess three different real roots.
Hence, its discriminant must be positive. A vanishing discriminant,
namely
125
19658
1
~a3
h20 þ
4
15
 
~aþ P
PE
 1
 3
 1
2916
1
~a2
h20 
16
27
 
~a

þ P
PE
þ 9h0  1
2
¼ 0 ð27Þ
deﬁnes a surface dividing the d; h0=d; P=PE space into two regions,
in one of which, symmetric snap-through exists. Two dimensional
plots representing sections of the mentioned surface at three differ-
ent values of P=PE, three different values of h0=d and three different
values of d are depicted in Fig. 6. The surface itself, given by the
closed form expression Eq. (27), is shown in Fig. 7. This surface visu-
alizes the criterion for symmetric snap-through. Hence, beams for
which the geometric parameters d; h0=d and the axial load param-
eter P=PE are represented by a point in the domain bounded by
the surface and the planes h0 ¼ 0 and d ¼ 0 will not exhibit
bi-stable behavior. Beams characterized by points located outside
of the abovementioned domain will experience a symmetric response
exhibiting three limit points. The presence of three different limit
points within the feasible working region means that the symmetric
equilibrium path has two stable branches required for bi-stability.
From Fig. 6, one can observe that as long as the axial pre-
compression is smaller than the critical load, i.e. P=PE < 1, and
for small values of d (d < 0:4), the higher the axial compression,
the lower the initial elevation required for the appearance of sym-
metric snap-through. Under axial compressive load greater than
the critical load, even a straight beam will be bi-stable, as the sur-
face in Fig. 7 ends at P=PE ¼ 1 for h0=d ¼ 0. However, a closer look
Fig. 3. (a) The location of the limit points (S, R, PI) of the electrostatically loaded beamwith an axial force given by Eq. (24). (b) The location of the bifurcation points (AS, AR) of
the beam given by Eq. (26) for d ¼ 0:2. (c) and (d) The corresponding critical values of the voltage parameter.
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minimal h0 required for bi-stability, contains a conﬁned region
over which bi-stability does not exit. Such a region can be seen
in Fig. 6(a) conﬁned between the gray line depicted for
P=PE ¼ 1:5 and the d ¼ 1 plane and at around d ¼ 0:5 for
P=PE ¼ 1:5 and 0, and also in Fig. 6(c) for d ¼ 0:5 and P=PE be-
tween 0 and about 0:5. Consequently, in contrast to the ‘‘mechan-
ical’’ case, electrostatically actuated beams pre-stresses by an axial
load exceeding the critical buckling load, do not always (indepen-
dently on the initial elevation) exhibit bi-stability. This observation
is in accordance with the previously discussed Fig. 5. The reason for
this behavior is that for prescribed P=PE;h0 and for d ¼ d^=g0 larger
than a certain value, i.e., for relatively closely located electrode, the
second stable conﬁguration, which would exist in the ‘‘mechani-
cally’’ loaded beam, is not realized and the snap-through is fol-
lowed by the collapse to the electrode under nonlinearly
increasing electrostatic force.
It is interesting to note that as expected, the criterion for P ¼ 0
is the one obtained in Medina et al. (2012b) for an initially stress-
free curved beam, and the criterion for h0 ¼ 0 coincides with theone obtained in Medina et al. (2012a) for a straight pre-stressed
beam. Furthermore, for d! 0 and P 6 PE the criterion coincides
with the symmetric snap-through criterion of an initially curved
pre-stressed beam of a rectangular section subjected to displace-
ment independent ‘‘mechanical’’ transverse load
h0
d
P
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PE
3
1 P
PE
 s
ð28Þ4.2. Asymmetric snap-through criteria
Having found the condition guaranteeing symmetric snap, con-
sider now the criteria for the non-symmetric snap-through. Close
examination of Figs. 3 and 4 indicates that two non-symmetric
bifurcation criteria should be formulated. The ﬁrst deﬁnes the con-
dition required for the appearance of the bifurcation (the necessary
condition) and the second deﬁnes the conditions for the appear-
ance of a bifurcation point on the stable branch of the symmetric
response (sufﬁcient condition).
Fig. 4. (a) and (b) Location of the critical points of the electrostatically loaded beam (c) and (d) corresponding critical values of the voltage parameter for d ¼ 0:2. The dashed
lines represent the limit points of the buckling diagram given by Eq. (24) and correspond to the symmetric snap-through (S), symmetric release (R) and pull-in (PI) points, and
the solid lines represent the bifurcation points of the buckling diagram given by Eq. (26) and correspond to the asymmetric snap-through (AS), and release (AR) points.
Fig. 5. Location of the critical points of the electrostatically loaded beam for
d ¼ 0:38 and P=PE ¼ 1:5. Two bistability regions are conﬁned within
h01 6 h0 6 h02 and h03 6 h0; no bistability is observed for h02 6 h0 6 h03.
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The necessary condition is obtained on the basis of Eq. (26)
which deﬁnes the location of the bifurcation points and which is
depicted in Figs. 3(b) and 4(a) and (b). From the latter, it is clear
that to this end, the minimum of h0 and P=PE with respect to q1
should be sought. Expressing Eq. (26) in the form of
P=PE ¼ f q1; ~a; h0ð Þ, the value of q1 corresponding to the minimum
of P=PE is obtained as a solution of @P=@q1 ¼ 0. Substituting this va-
lue in Eq. (26) yields the implicit relations between the thickness,
d, the initial elevation, h0, and the pre-stressing load, P, required for
the appearance of the bifurcation points, namely, the non-symmet-
ric response. Note that the very same relations are obtained when
using the q1 minimizing h0 q1; ~a; Pð Þ . These relations can be repre-
sented by the two dimensional iso-axial load and iso-thickness
curves depicted in Fig. 8.
These curves are actually lying on the three dimensional surface
shown in Fig. 9. This surface, forming the necessary criterion for
non-symmetric snap-through, divides the d; h0=d; P=PE space such
that beams characterized by points located above the surface exhi-
bit non-symmetric response bifurcating from the symmetric buck-
ling curve. Notice that, similarly to what was found for the
symmetric criterion, the elevation to thickness ratio required for
Fig. 6. Two dimensional phase diagrams of the symmetrical snap-through criterion given by Eq. (27): (a) for three values of axial load, (b) for three values of initial elevations
to thickness and (c) for three values of thicknesses. The area above each line represents the conditions for which a symmetric snap-through exist.
Fig. 7. Phase diagram of the symmetrical snap-through criterion given by Eq. (27).
The space out side that conﬁned by the surface and the planes h0=d ¼ 0; d ¼ 0
represents the conﬁguration for which a symmetric snap-through exist.
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pression increases, and vice versa.
We again draw attention to the fact that the present general
necessary criterion reduces to the previously derived criteria for
the special cases: P=PE ¼ 0, namely a stress-free initially curved
beam; h0 ¼ 0, namely a pre-stressed straight beam. Furthermore,
for d! 0 and P 6 Pð2ÞE the necessary relation between the initial
elevation and the pre-stress load, that assures the appearance of
bifurcation points on the buckling curve of a beam subjected to
transverse displacement-independent ‘‘mechanical’’ load is ob-
tained. This relation, which can be derived in the manner pre-
sented here for an electrostatic load, has the following form for a
rectangular cross-sectionh0
d
P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pð2ÞE
29:61
1 P
Pð2ÞE
 !vuut ð29Þ
Note that Figs. 8 and 9 indicate a weak dependency of the necessary
condition on the thickness d implying that the effect of the nonlin-
ear electrostatic force on this criterion is less pronounced than in
the case of the symmetric snapping criterion.
Fig. 8. Two dimensional phase diagrams of the necessary condition for an asymmetrical response for various cases (a) three different axial loads, (b) three different
thicknesses. The area above each line represents the conditions for which an asymmetric response is present but will not necessarily manifest itself.
Fig. 9. Phase diagram of the necessary condition for an asymmetrical response. The
space above the surface represents the conditions for which an asymmetric
response is present but will not necessarily manifest itself.
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use of the above observations and further note that according to
Fig. 8(a), the various h0=d ¼ FðdÞ curves for various values of axial
load are almost parallel to each other. Hence, it is possible to use
the ﬁt for P ¼ 0 from Medina et al. (2012b) with the free term re-
placed by the necessary condition for a ‘‘mechanically’’ loaded
model, Eq. (29). This yields the following ﬁt
h0
d
P 0:0297d2  0:2781dþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pð2ÞE
29:61
1 P
Pð2ÞE
 !vuut ð30Þ
that deﬁnes a surface which approximates the surface shown in
Fig. 9.
4.2.2. Sufﬁcient conditions
In order to formulate the sufﬁcient condition for the non-
symmetric snapping we examine again Fig. 4(a) and (b). According
to these ﬁgures, it is clear that the sufﬁcient condition correspondsto the points where the (S), (R) curves intersect the (AS), (AR)
curves respectively. This may yield two separate criteria, one
guaranteeing a non-symmetric snap-through and the other, an
asymmetric snap-back.
Equating the expressions for P=PE extracted from both Eqs. (24)
and (26), one obtains an equation Fðq1; ~a; PÞ ¼ 0, which has two
solutions q1 deﬁning the location of the intersection point of (S)
and (AS) and the intersection point of (R) and (AR). Substitution
of each of those two locations back into Eq. (24) or (26) provides
two relations of the form Fð~a;h0; PÞ ¼ 0 constituting the sufﬁcient
conditions for the appearance of the critical non-symmetric snap-
through and snap-back. These two three-dimensional conditions
are derived via numerical calculations establishing two-dimen-
sional conditions given as a relation between two of the system’s
parameters while the third is kept constant. Such, iso-pre-stress
and iso-thickness curves, representing the sufﬁcient conditions,
are shown in Figs. 10 and 11, for non-symmetric snap-through
and snap-back, respectively. The corresponding three dimensional
surfaces are depicted in Figs. 12 and 13. Each of these surfaces,
forming the sufﬁcient criterion for non-symmetric snap-through
or snap-back, divides the d; h0=d; P=PE space such that only beams
characterized by points located above the surface exhibit non-
symmetric response bifurcating from the symmetric buckling curve.
A comparison between Figs. 12, 13 and Fig. 9 shows that, as ex-
pected, the sufﬁcient conditions for the existence of critical asym-
metric response are higher (in terms of h0 and/or P) than the
necessary conditions described in the latter. Moreover, one can no-
tice from Figs. 11(a) and 13 that the snap-back condition is pre-
sented only for small values of thickness to gap ratio d.
Speciﬁcally, the curves in Fig. 11(a), lying on the surface in
Fig. 13, approach the symmetric snap-through criterion (shown
in Figs. 6(a) and 7) but do not cross it. Crossing the symmetric
bound surface of Fig. 7 brings us into a region for which there is
no bi-stability, namely there is no snapping through and back be-
tween two stable branches. In this region, only symmetric or asym-
metric pull-in occurs such that the asymmetric release criterion is
not relevant.
As was previously observed for both symmetrical and necessary
conditions, both sufﬁcient conditions show that the higher the ax-
ial compression load, the lower is the required initial elevation to
thickness ratio. This trend is common to all criteria since an ap-
plied compressive axial pre-load ampliﬁes the beam’s elevation,
Fig. 10. Two dimensional phase diagrams of the sufﬁcient condition for the critical snap-through for various cases: (a) three different axial loads, (b) three different
thicknesses. The area above each line represents the conditions for which the beam’s response exhibits an asymmetric snap-through.
Fig. 11. Two dimensional phase diagrams of the sufﬁcient condition for the critical snap-back for various cases: (a) three different axial loads, (b) three different thicknesses.
The area above each line represents the conditions for which the beam’s response exhibits an asymmetric snap-back.
Fig. 12. Phase diagram of the sufﬁcient condition for the critical snap-through. The
space above the surface represents the conditions for which an asymmetric snap-
through manifest itself in the beam’s response.
Fig. 13. Phase diagram of the sufﬁcient condition for the critical snap-back. The
space above the surface represents the conditions for which an asymmetric snap-
back manifest itself in the beam’s response.
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fabrication.
As was shown for the necessary condition, both sufﬁcient crite-
ria converge at d! 0 (and for P 6 ð3Pð2ÞE  PEÞ=2) to the ‘‘mechan-
ical’’ criterion. The latter, which unlike the electrostatic criterion
can be analytically derived, has the following form for a rectangu-
lar cross-section
h0
d
P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3Pð2ÞE  2P  PE
6p2
s
ð31ÞFig. 14. Two dimensional phase diagrams featuring all four criteria for two different
illustrating the beam’s response with different geometrical parameters: (a1) to (a8) corWhile the ‘‘mechanical’’ model exhibits only one sufﬁcient con-
dition, two sufﬁcient conditions are formulated for the electrostat-
icaly loaded beam. This is due to the non linear nature of the
electrostatic force which, being displacement dependent, changes
drastically as the beam snaps to a post buckled state. Since at this
state the electrostatic force is signiﬁcantly larger than in the pre-
buckled state, different sufﬁcient conditions for snapping from
the pre-buckled and post-buckled states are manifested.
In contrast to the necessary condition, the nature of both
sufﬁcient conditions changes as the thickness parameter rises forcases: (a) P=PE ¼ 1:5 (b) P=PE ¼ 1:5 and their corresponding equilibrium plots
respond to (a) and (b1) to (b8) correspond to (b).
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imperative to take into account the variation of each criterion with
the axial load. A close inspection shows that the dependence of the
snap-through criterionon the axial load is less pronounced than that
of the snap-back criterion. Therefore the approach employed for the
necessary condition is employed for the derivation of the former.
Speciﬁcally, a ﬁt in which the free term was replaced with the
‘‘mechanical’’ criterion from Eq. (31), is proposed as follows
h0
d
P 0:164d4 þ 0:519d3  0:611d2 þ 0:166d
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3Pð2ÞE  2P  PE
6p2
s
ð32Þ
The sufﬁcient condition for the snap-back presents a pro-
nounced sensitivity to the axial load. In order to take this into ac-
count, all terms of the ﬁt should depend on P. Furthermore, due to
the divergence between the two sufﬁcient conditions, it is impera-
tive to develop a more accurate ﬁt. To this end, various ﬁts were
formulated for a variety of speciﬁc values of axial load. Those wereFig. 15. Buckling diagrams (wM - midpoint elevation) for beams with axial load of P=PE ¼
with axial loads of P=PE ¼ 1:5 (d) d ¼ 0:2; h0 ¼ 0:2 (e) d ¼ 0:2; h0 ¼ 0:3 (f) d ¼ 0:7; h0 ¼
model and the diagonal crosses – ﬁnite differences.then used to formulate an expression approximating the depen-
dence of each term of the ﬁt (excluding the free one which consists
on the ‘‘mechanical’’ criterion) on the axial load. The result of this
process is presented by the following expression
h0
d
P f1 Pð Þd6 þ f2 Pð Þd5 þ f3 Pð Þd4 þ f4 Pð Þd
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3Pð2ÞE  2P  PE
6p2
s
ð33Þ
where f1; f 2; f 3; f 4 are
f1ðPÞ ¼ 42:299 22:867 PPE þ 1:375
P
PE
 2
f2ðPÞ ¼ 31:449þ 14:849 PPE
f3ðPÞ ¼ 8:327 3:488 PPE  0:297
P
PE
 21:5 (a) d ¼ 0:2; h0 ¼ 0:4 (b) d ¼ 0:2; h0 ¼ 0:5 (c) d ¼ 0:7; h0 ¼ 1:75 and for beams
0:7. Solid lines – two DOF Galerkin RO model, diamonds – seven DOF Galerkin RO
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which is relevant for beams exhibiting bi-stability namely in the do-
main deﬁned by the symmetric snapping criterion.
4.2.3. Summary
In order to illustrate the relations between the four obtained
criteria and see the overall picture, we present all of them on the
hd=d; d plane, for two distinct values of applied axial pre-load.
The two phase diagrams are shown in Fig. 14 which includes also
a gallery of responses demonstrating the behavior of various
beams with the parameters represented by points located in vari-
ous areas of the phase diagram.
Fig. 14 clearly demonstrates several features of the presently
investigated system. For small d, the symmetric criterion is placed
below all the others which thus deﬁne the symmetry breaking in
bi-stable beams, namely the appearance of asymmetric bi-stable
behavior. As expected, the necessary condition is placed below
the sufﬁcient condition which splits into two. The sufﬁcient condi-
tion for the release sets itself apart from its counterpart in such a
manner that a case in which an asymmetric snap-through and a
symmetric release can be realized. For higher values of d, the pic-
ture is reversed, as the symmetric buckling criterion is placed
above the other ones. Noting that larger values of d correspond
to the situation in which the beam is closer to the electrode, it
can be deduced that only a large enough distance between the
beam and the electrode enables bi-stability. Beams which are
placed close to the electrode will experience collapse to the elec-
trode following the snap-through buckling. For intermediate val-
ues of d, a transition zone, in which the symmetric criterion is
not uni-valued, exists. Over this region, not all beams having an
initial elevation larger than the minimal one (deﬁned by the lower
branch of the symmetric criterion) exhibit bi-stable behavior.
In order to demonstrate the applicability of the derived criteria
to realistic devices, two beams which had been experimentally
examined by Krylov et al. (2008) are used. One beam was initially
straight with d^ ¼ 2:1 lm, g0 ¼ 7:7 lm and h^0 ¼ 0lm, namely had
non-dimensional geometric parameters d ¼ 0:27; h0=d ¼ 0, and
the second had d^ ¼ 2:5 lm, g0 ¼ 10 lm and h^0 ¼ 4:8 lm, namely
d ¼ 0:25; h0=d ¼ 1:92. Both beams were assumed to be initially
stress free, namely had P ¼ 0. The point ðd;h0=d; P=PEÞ ¼Fig. 16. Location of the beam’s midpoint (wM) corresponding to the snap-through, rele
elevation of h0 ¼ 0:2 and (b) as a function of the initial elevation for an axial load of P=P
ﬁnite differences. Dashed and solid lines depicts the limit-points and the bifurcation poð0:27;0; 0Þ representing the ﬁrst beam, is located under the surface
forming the symmetric snap-through criterion (Figs. 6 and 7), in
the region where no bi-stability is expected. This is in accordance
with the experimentally observed response of this beam (shown
in Fig. 16(a) in Krylov et al., 2008) implying that it exhibits only
pull-in buckling. The experimental response of the second beam
(Fig. 16(b), Krylov et al., 2008), shows a snap-through occurring
at a voltage which is lower than that corresponding to the limit
point. This scenario can be interpreted to be an asymmetric
snap-though at a bifurcation point. This is in accordance with the
fact that the point ð0:25;1:92;0Þ, representing the second beam,
is located above the surface forming the sufﬁcient asymmetric
snap-through criterion (Figs. 11 and 12), and is thus expected to
experience asymmetric snap-through.5. Numerical validation
The snap-through points and symmetry breaking criteria ob-
tained in the previous section, were developed using an approxi-
mate two degrees of freedom RO model. In order to validate the
approximation, two additional solutions were obtained numeri-
cally: the solution based on the RO model with the ﬁrst seven
modes, and the ﬁnite differences (FD) solution of Eqs. (6) and (7).
For the latter, second order central differences with 30 intervals
along the beam were used. To describe the unstable branches of
the equilibrium curves, both approaches were implemented in
conjunction with the arc-length method (Crisﬁeld, 1997).
A comparison between the responses as predicted by the two
DOF ROmodel, the seven DOF ROmodel and the FD solution is pre-
sented in Fig. 15, where variation of the midpoint deﬂection of the
beam with the applied voltage is shown for two values of prestress
and several initial elevations. It can be seen that for the micro
beam considered here, the two DOF RO model provides a reason-
able accuracy for the position of both the limit and bifurcation
points. However, the error in the voltage parameter increases as
the beam’s initial elevation rises.
In order to further validate the symmetry breaking criteria ob-
tained on the basis of the two DOF RO model, the location of the
snap-through, release and pull-in points predicted by the latter is
compared to the location as extracted from the numerical analyzes
described above. This comparison, which is shown in Fig. 16,ase and pull-in points, for d ¼ 0:2 (a) as a function of the axial load for an initial
E ¼ 1:5: gray diamond markers – seven DOF Galerkin RO model; diagonal crosses –
ints resulting from the two DOF RO model, Eqs. (24) and (26), respectively.
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are in a good agreement. This implies that the presently obtained
criteria for symmetric snap-through and symmetry-breaking in
electrostatically actuated curved prestressed micro beams are
reliable.6. Conclusions
In this work, the symmetric and non-symmetric buckling of an
initially curved beam loaded by a constant axial load and a trans-
verse nonlinear, conﬁguration dependent, distributed electrostatic
force was analyzed. Focusing on curved beams having an initial
elevation introduced by fabrication, prior to the application of
the axial load, the presently studied case is a generalization of
those investigated by Medina et al. (2012b,a) where an initially
curved stress-free beam and an initially straight beam buckled
due to an axial compression load are considered.
The approximate reduced order model of the beam was built by
means of Galerkin decomposition with buckling eigenmodes of an
associated straight beam as base functions. Then, the criterion for a
symmetric limit point snap-through buckling along with the crite-
ria for a non-symmetric buckling were developed using the RO
model, with two DOF, based on the ﬁrst symmetric and anti-
symmetric modes. The veriﬁcation of the obtained results was pre-
formed by a comparison with results derived by a seven DOF RO
Galerkin model and by a direct ﬁnite difference solution of the gov-
erning differential equations. The comparison indicates that the
established criteria can be used for the prediction of both the sym-
metric snap-through and the symmetry breaking in electrostati-
cally actuated prestressed curved micro beams with satisfactory
accuracy. It is interesting to note that while the two DOF ROM pro-
vides a quite accurate prediction of the position of both the limit
and bifurcation points, the predicted corresponding voltage
parameters are much less accurate. Hence, it is concluded that
the two DOF ROM is sufﬁcient for the determination of the limit
and bifurcation positions, and the buckling criteria derived from
this mapping, but is insufﬁcient for the determination of the corre-
sponding voltage parameter, the prediction of which requires more
DOF.
Since the bifurcation points associated with the non-symmetric
buckling may be located on stable or unstable branches of the sym-
metric equilibrium curve, depending on the system’s parameters,
two symmetry breaking criteria were established. The necessary
non-symmetric buckling criterion provides the conditions required
for the appearance of non-symmetric solutions which emerge from
points located on an unstable branch of the symmetric buckling
path. In such a case, the non-symmetric conﬁgurations are not
realized under quasi static force control loading, and the beam
experiences limit-points snapping with symmetric conﬁgurations.
In contrast, the sufﬁcient symmetry breaking criterion establishes
the condition for the critical non-symmetric buckling, when
snapping with asymmetric conﬁguration occurs at loading and
deﬂection smaller than those corresponding to the limit-point.
From the acquired criteria it is possible to deduce that as the
axial compression increases, the minimal values of the initial
elevation guaranteeing bi-stability and symmetry breaking reduce.
Namely, increasing axial compressions moves all the criteria such
that the regions of h0=d; d, which represent beams exhibiting sym-
metric and asymmetric snapping increase. The initially produced
elevation has a similar effect on the axial compression promising
bi-stability and symmetry breaking, for beams of small thickness.
Moreover, it was observed that the effect of the axial load on the
form of the necessary and snap-through sufﬁcient condition is
rather weak in contrast to the release sufﬁcient condition. Theseobservations enabled the construction of a ﬁt for each of the sym-
metry braking criteria in the range of 0 6 d 6 1.
Furthermore, it was found that the surfaces representing the
symmetric snap-through criteria and that representing the sufﬁ-
cient conditions for asymmetric snap-through cross each other
such that for some beams, the symmetry breaking affects the snap-
ping between two stable branches, while for others, generally
placed closer to the electrode, the symmetry breaking affects the
pull-in behavior. In contrast to the ‘‘mechanical’’ case, not all elec-
trostatically actuated beams having an initial elevation larger than
the minimal one (deﬁned by the lower branch of the symmetric
criterion) exhibit bi-stable behavior. Hence, electrostatically actu-
ated beams pre-stressed by an axial load exceeding the critical
buckling load, do not always (independently on the initial eleva-
tion) exhibit bi-stability.
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